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The Hamiltonian BRST quantization of massive abelian
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Abstract. In this paper we quantize the massive abepaform gauge fields inD dimensions

in the context of the Hamiltonian BRST formalism. Extending the original phase-space in order
to reveal the reducibility of a certain first-class system, we obtain that quantizing the original
theory is the same as quantizing(a — 1)-order reducible system using BRST. This system
describes abeliap-form gauge fields interacting through a current—current term with abelian
(p — D-form gauge fields. Fop =1 and D = 4 we recover the Stueckelberg coupling.

1. Introduction

The most powerful quantization method for gauge theories is well known to be the
BRST formalism. For systems with both first- and second-class constraints, many BRST
guantization alternatives have been implemented [1-6]. Some models studied intensively
recently, especially from the Hamiltonian BRST point of view, are abefliiorm gauge
fields free or coupled to vector fields [7-13]. The physical importance of these models
consists on the one hand of the profound connection with string theory and, on the other,
with cosmic strings, vortices and black holes [8, 12]. For theories possessing only second-
class constraints, this formalism cannot be directly applied because they are not gauge
invariant. The BRST quantization of such theories can be achieved by turning the original
second-class system into a first-class one (i) in the initial phase-space [14] or (ii) in a larger
phase-space [15, 16], and then quantizing the resulting first-class systems in the framework
of the BRST approach. Many authors [17-26] have applied the methods from [15, 16]
to various models. Nevertheless, the method from [15, 16] has not yet been extended to
the case of second-class systems preserving somehow the trace of reducibility of a certain
first-class system and peculiarly to the case of massive abglimnm gauge fields inD
dimensions. This is the purpose of this paper. In fact, in the Hamiltonian BRST formalism
we shall quantize the massive abeligsfiorm gauge fields transforming the original system
to a first-class one in the light of the procedures (i) and (ii) to be further discussed. Procedure
(i) will actually imply the BRST quantization of the-form gauge fields interacting with
(p —1) ones through a current—current term. More on free abegliform gauge fields may
be found in [7]. Related to the Hamiltonian BRST quantization we follow the same line as
in [5].

Our starting point is the Lagrangian action
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where F, .. = Ay, @nd A, are antisymmetric in the Lorentz indices.
Action (1) describes a purely second-class system with the canonical Hamiltonian

|
H = /d X <(_)[7 Enil-"iﬁnil"'i], — pAOiz...il,ailelllz ip

—i—KZA“l"'“”A + 1 F. .  Fit-im (2)
2p' MH1...[p 2([] + 1)| 11...lp41
and the primary, respectively, secondary second-class constraints
Giz“‘il) = noizmip — 0 (3)
M2

CiZ---iz’ = pailniliz...i], _ AOiz...il, — O (4)

(p—D!
where 7#1-#» are the canonical momenta conjugated to thg ,,'s. We denote for

later convenienc& " = pd;, x>, and C 5" = — M35, A%, This completes the

canonical analysis of our model.

2. The BRST quantization without extra fields

Because the second-class constraints (3) and (4) may be split into two equally numbered
subsets such that th@2-»'s are first class among themselves, we can consider that the
original system comes from a first-class one possessing only the constraints (3) in the
canonical gauge (4). In this way, we obtain a first-class system in the original phase-space
described by the Hamiltonian [14]

H=H_— (P2M2) /dD—lx Ctz...t,,Cizmip (5)

which is first class with respect to the’>-»’s, i.e. [H, G2~»] = 0 strongly. Next, we
guantize the last first-class system in the Hamiltonian BRST formalism. The BRST charge
reads

2
a=1

with n2ir’s the ghost fields and the remaining variables being auxiliary [27]. The BRST-
invariant extension off is clearly BRST-invariant itself becaus&/ [ 2] = 0. We choose

a gauge-fixing fermion implementing at the Hamiltonian BRST level the canonical gauge
conditions (4). It has the form

_ O - iz...ip _ )
K = /dD 1x (Piz...i,, (AOIZ...Z,, + Ctz...l,,) + Pllgz2 i (Piz...i,, _ 77[12...1',, + niz...i,,)

igeidp = =1
+P321 (77,‘22‘“1',, + nizu.ip)) (7)

with 7, _;, the canonical momenta of the ghost fields, the other variables being associated to
the auxiliary variables from (6). Computing the gauge-fixed action of the first-class system
and integrating in the corresponding path integ#g{, over all the variables excepting the
Ai,..i's andxit-ir’s, we get

Z[( = \/‘Dﬂ'il'"i”'DAilmip exp |f de (A.il'"i”n'ilmiﬂ — I’_l) (8)
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where
i p+1 p! i1eipi1
h=(-) Eﬂ'il...i/)ﬂ'il...ip + mFil...i,,HF P
M? ioni pp! i
+27P!Ai1...ipA tetr — W(ailn b ]))2~ (9)

Equation (8) gives precisely the Hamiltonian path integral over independent variables for
the first-class system. It coincides with the Hamiltonian path integral over independent
variables of the original system. The validity of the prior statement may be checked by
means of the canonical methods [28], confirming that our method is indeed correct. We can
also derive the Lagrangian path integral for our model making in the gauge-fixed action the

replacementC;, ; — Ci,., + %Bilzmip, which does not affect its BRST invariances as
sBj, ; = 0. Then, we deduce
zEk = / DA, _;, det(M) expisg . (10)

Relations (8) and (10) are the main results of this section.

3. The BRST quantization with extra fields

In this section we quantize our model converting the original second-class constraints
into some first-class ones by adding some extra fields and their conjugated momenta, and
subsequently applying the Hamiltonian BRST approach. Here, we shall not use the BFT
method [15, 16], but a different way which we extend to include the ‘reducible’ case. The
above notion of ‘reducibility’ will be made clear below. For the purpose of this section, it is
convenient to change the Hamiltonian (5) slightly, such that the new Hamiltonian remains
in the same gauge-invariant function equivalence clas# asThus, we take as the new
Hamiltonian in the original phase-space, the function

, (p—D! _ i i
H' =H - == [ & (Ciq" Cayonn + €1 Caayonin)- (11)

Our second conversion method is realized in two steps. At the first step, we associate as in
section 2, to the original system a first-class one in the original phase-space with the first-
class Hamiltonian (11) and the first-class constraints (3). At the second step, we associate
to the last system a one-parameter family of first-class systems in a larger phase-space
constructed as follows. o

() For every pair (Gi,.i,» Céé')“’”) we introduce the bosonic canonical pair

(Vi1 I, ;) with the new variables antisymmetric in their indices, such that the
new secondary constraints are

Yigiy = M, i) — C(0)iy...i, =0 (12)
where is the non-vanishing parameter. We see simply that

92¥iy..i, = 13", ;, = 0. (13)

(i) For every relation (13) we add the new bosonic canonical pair of fields
(q%2+r, poi,..i,,), also antisymmetric in their indices together with the supplementary
constraints

Giy..iy s = P0is..iy 1 =0 (14)



3988 C Bizdadea

such that the consistency of (14) implies as new constraints (up to a factor) relations (13).
Following this procedure, we built starting with the original model, a first-class family in a
larger phase-space possessing only the first-class constraints (3), (12), (14) and

Vigwipa = —(p — D", 4, = 0. (15)

A beautiful feature of this constraints is that they are reducible this time. Indeed, the
following reducibility relations hold:

Migooiy s+ (p — D" yi.0,, =0 (16)
3%y, = 0. (17)
The reducibility functions appearing in (16), (17) are further reducible, namely
Zg2Z3 =0 (18)
with
il l'],,k
Zak—l — (Zjl---jj)kl 0 (19)
ag Fi1.ip_k—1 i1.dpg-1
1 Jp—k-1 Jiedp—k—2
and
o 1 A ; ,
iedpk [i Ip—k—1 i, ]
Zjl...jpfkfl = =Dl St PO 814’}7,(713 p—k (20)
Zilnvip—k—l _ A S[il ) aiﬁfkfl] (21)

Jiedp—k-1 T (p—k— 1! 1 Vip—k-1

where k takes values from 1 tgp — 1). Now, it is clear that the first-class family is
(p — D-order reducible.

With step (ii) at hand, we build the first-class Hamiltonian of the first-class family of
the form

22(p — 1! -
H* — H/ + / delx (_ Lnil...i,,,lnllmlpfl

2M?2
+ A%z Vig.i, T CIOiz"'i”flfiz...i,,,l + 8) (22)
whereg is a function satisfying
[Giz...i,ﬂ g] =0 [Giz...irlv g] =0 (23)
[Vigi,» H']1 =0 (24)
[Vir..i, 1 8] = O. (25)

We solve the system (23)—(25) representingas a series of powers ifyi+-»-1 with
coefficients depending only on th&-»’s

2 i2..0p

(€0} . L
8 =8y VE U+ 84y i) Vigi, VI A (26)

With this choice, equations (23) are automatically verified. Introducing (26) in (24), we get

@ M? .

giz...iﬂz mallAiliz...iP (27)
@yiz-in » "

8 iriy= T [T 8] (28)
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all the other coefficients being equal to zero. Using equations (27), (28) it follows that (25)
is also satisfied. Thus, the functignreads

Mm? 1 - L
8= "5 (Ail..-ip - aﬂl...i,,) Fret (29)

whereF;, i, = 1, Vi,..i,)-

The next step of our analysis consists in quantizing the first-class family in light of
the Hamiltonian BRST. In this case we are dealing witfipa— 1)-order reducible theory
revealing a more complicated structure than that of abeliangriem gauge fields. This is
because here there appear two sets of secondary constraints and also two sets of reducibility
relations for them (see equations (16) and (17)). This fact further implies two types of
ghosts of ghosts, ghosts of ghosts of ghosts, etc. The BRST charge in this case reads

, D—1 t1 dpo1 i1.wip_2 i1.ip-1 i1.ip—2
Q Z/d x(G11 dp-1ll +G11 dp— 2C + Viy.. dp_1Tl2 +)/11 dpe ZC

+ B 11 tpl }: 8””‘ l1 dp—k-1
z:lllplrl i1.ip—k

Z PR 1(aip—k—1cél---ipfk—2 +)\'n;l“-ipkl)). (30)
The BRST-invariant extension of the first-class Hamiltonian (22) is given by

HB=H*+de Ly (P?

1112

ll Ip Z+7D nll lp—l). (31)

i1..ip1/1

The gauge-fixing fermion implementing the canonical gauge conditi¢ns, , = 0 and
q0i,...i,, = 0 takes the form

s 1 . . o 1. .
r_ D—1 1 Qiq...0p_ i1.dpy_ 1  Oig.nnipy— Oiq..nipy—
K—/d (7’11,1<A1“+kV1fl)+7’,“,,2<q1“+kq1”)

i1dpo1,-1 -2 i1..0p 1 1 -2 -1
+P (nl']_...l'p,l + nil...l',,,l) + f)Bl (Pll l —1 nl']_...l'],,l + nil...l‘p,l)

Z neipia (7 Cél"'i”1+C§mip“))' (32)

11 dp-2 11 dp-1

In equations (30)—(32) we denoted N )a=12 the ghost fields corresponding
to the first-class constraints, whltlé’fl i 1,73,1 iy y)a=12 are, respectively, their conjugated

momenta. The ghost numbers and Grassmann parities of the above fields are all
equal to one, respectively one. The field& "2, ni ") 1 pucy . -1 are ghost
fields with ghost numbersk + 1) and Grassmann paritiesk + 1) mod2, while

(731“l e JPE iy Ja=12k=1.... p—1 stand for their momenta and have the ghost numbers
—(k+1) and Grassmann parmegs—i- 1) mod 2. The remaining fields in (30)—(32) form the
non-minimal sector (32). The notations employed in formulae (30)—(32) must be understood
as fhr-iri-2 = 0, for p—k—2 < 0 and f/+-ir+2 = f, for p—k—2 = 0. Integrating in the

path integral,Z’.,, constructed with the gauge-fixed action corresponding to the first-class
family over all the fields excepting thé"-"’s and;, ;,’s, we deduce

Zh = Zx (33)

where Z is given in (8). The Lagrangian path integral in this method is inferred by
making in the gauge-fixed action of the first-class family the replacemBnts, —
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I, 5, + %C(o)iz___,»ﬂ (which do not affect its BRST invariances) and subsequently integrating
in the resulting path integral over all the fields excepting Mte#»’s. Thus, we find the
same Lagrangian path integral as in (10).

Now, it appears clearly the meaning of the original system preserving the trace of
reducibility of a certain first-class system. This first-class system is actually described by
the first-class Hamiltonian (22) together with the first-class constraints (3), (12), (14), (15).
Indeed, if one takes all the extra fields equal to zero in (22), one reobtains precisely the
original system. At the same time, the gauge-fixing fermion (32) implying the vanishing of
all extra fields leads to the same path integral of the first-class family as the original one. In
this sense, the original second-class system maintains the reducibility relic of the first-class
family, which is a truly(p — 1)-order reducible theory.

4. The Lagrangian action of the first-class family

In this section we will explain the origin of the first-class family constructed in section 3.
Eliminating from the total action [5] corresponding to the Hamiltonian (22) and to the
constraints (3), (14) all the momenta and Lagrange multipliers on their equations of motion
[27], we arrive at the foIIowing Lagrangian action of the first-class family

D H1---Mp+1
%0, /d ( 2(p+1)lF " sy

M? 1. 1.
2p (Am...up - AF”L”M”> (Aul...up - )LFM..#,;) ) (34)

where Fm---up = Oy App i) ANA Ay iy = (Qois.iy s Vig.ip o). Action (34) is invariant
under the next gauge transformations

8e Apsy = O €pia.ey) (35)
5€AM1~~M,771 = 8[#16112...#,771] + )\'Eﬂl---ﬂp—l (36)

with €’s antisymmetric arbitrary functions. The system described by action (34) comes from
the gauging of the rigid (Noether) symmetri&sA,, ., , = A€u,..u,, (heree,, ., , are
all constant) of the action

S, . = / dPx ( 225 F“l"'“”ﬁmmup). (37)

If we now make the,, ,, ,’'s functions ofx, then action (37) is no longer gauge invariant.

In order to render it invariant it is necessary to couple ffe-*'s with a tensor field
transforming as in (35) such that the objegts*» — %F“l---“ﬁ become gauge-invariant.
Constructing with these objects a Lorentz scalar as in (34), we observe that we can add to
it an other gauge-invariant scalar, namely the first term in (34). Following our procedure,
the first-class family associated to the masgiviorm gauge fields describgsform gauge

fields in interaction with(p — 1)-form gauge fields by means of a current—current type term,
where the gauge-invariant conserved current is

. M 1.~
]Mluz...up = ﬁ <AM1 Hoefbp )“Ful,u.g...up> . (38)

The current (38) corresponds via Noether’s theorem to the above rigid symmetries for action
(34). At the Lagrangian level, we are able to fix the value of the parameter comparing the
path integral (10) with the one derived from (34) using the antifield formalism. We find
A=M.
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For p =1 andD = 4, action (34) reduces to
6,0 = / d*x (=31F"F,, — J(MA" — 3"9)(MA, — 3,¢)) (39)

describing an irreducible theory which is identical to the one obtained in [29], and also in
[30] using a conversion method for irreducible systems.

In conclusion, we can quantize consistently the massive abplfmnm gauge fields in
the framework of the Hamiltonian BRST formalism in the original phase-space, as well as
in a larger one. The last quantization implies in fact the quantization @f & 1)-order
reducible theory expressing-form gauge fields interacting wittp — 1)-form gauge fields
through a current—current term.
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